Abstract. If M is a smooth compact oriented Riemannian manifold of dimension n = 4k + 2 , with or without boundary, and F is a vector bundle on M with an inner product and a flat connection, we construct a modification of the Hodge star operator on the parabolic cohomology H 2k+1 par (M ; F ) . This operator gives a canonical complex structure on H 2k+1 par (M ; F ) compatible with the symplectic form ω given by the wedge product of forms in the middle dimension. In case when k = 0 that gives a canonical almost complex structure on the non-singular part of the moduli space of flat connections on a Riemann surface with or without boundary and monodromies along boundary components belonging to fixed conjugacy classes. The almost complex structure is compatible with the standard symplectic form ω on the moduli space.
Introduction
Let M be a smooth compact oriented Riemannian manifold of dimension n , with or without boundary. Let F be a smooth real vector bundle over M , of finite fiber dimension, equiped with a positive definite inner product B and a flat connection. We denote by H * (M ; F ) the (deRham) cohomology of M with coefficients in the local system given by F . Let * : H * (M ; F ) → H * (M ; F ) be the Hodge star operator given by the orientation and the Riemannian metric on M (see Section 3).
For n = 2m the wedge product of forms and the inner product B define a bilinear form ω : H m (M ; F ) ⊗ H m (M ; F ) → R . If n = 4k + 2 , the form ω is skew-symmetric.
If M has no boundary (and n = 4k +2), the form ω is non-degenerate and gives a symplectic structure on the vector space H 2k+1 (M ; F ) . It is well-known that in that case the Hodge star operator * gives a complex structure on H 2k+1 (M ; F ) compatible with the symplectic form ω .
In the general case, when M may have a non-empty boundary, we replace H * (M ; F ) by the parabolic cohomology H If n = 4k + 2 , the restriction of the skew-symmetric form ω to the parabolic cohomology H 2k+1 par (M ; F ) is again non-degenerate and equips it with a structure of a symplectic vector space.
It is the aim of this note to point out that, if the boundary of M is possibly non-empty and n = 4k + 2 , then there is a canonical modification of the Hodge star operator which gives an operator on parabolic cohomology, denoted here by J par ,
The operator J par satisfies J 2 par = −Id and gives a complex structure on the vector space H 2k+1 par (M ; F ) compatible with the symplectic form ω on it. When the boundary of M is empty then H * par (M ; F ) = H * (M ; F ) and J par is equal to the ordinary Hodge star operator.
If n = 2 i.e. if M is a compact oriented surface one can consider the moduli space M of flat connections on the trivial principal bundle M × G , G being a compact Lie group with a Lie algebra g . The flat connections have monodromies along boundary components restricted to fixed conjugacy classes in G . The moduli space M is a manifold with singularities. Away from the singular points, the tangent spaces to M can be identified with the parabolic cohomology H 1 par (M ; g φ ) , where g φ is the trivial vector bundle over M with fiber g and connection φ . Let Σ ⊂ M denote the singular locus. The symplectic form ω is closed as a 2-form on M − Σ and turns it into a symplectic manifold [2] .
Given a Riemannian metric on M , the modified Hodge star operator J par on H 1 par (M ; g φ ) constructed in Section 3 gives a canonical almost complex structure on the non-sngular part of the moduli space M −Σ compatible with the symplectic form ω . That applies both to the case when M is with or without boundary.
A linear problem
Let V be a finite dimensional vector space over the field of complex numbers C , equiped with a real valued positive definite inner product ( , ) such that the operator of multiplication by the complex number i = √ −1 is an isometry. We denote this operator by J . (In other words, ( , ) is the real part of a hermitian inner product on V .) Let U be a real subspace of V satisfying
Here U ⊥ denotes the orthogonal complement of U in V with respect to the inner product ( , ) . The condition (2.1) is equivalent to the requirement that the alternating 2-form ω(u, v) = (Ju, v) is non-degenerate on U and, hence, equips U with a structure of a symplectic space.
The aim of this Section is to make the observation that the complex structure of V induces a specific complex structure on every real subspace U satisfying (2.1). This complex structure will be compatible with the symplectic 2-form ω(u, v) = (Ju, v) on U .
Let U be a real subspace of V . We denote by p U : V → U the orthogonal projection of V on U and define G :
Lemma 2.1. (i) For every real subspace U of V the real linear operator G : U → U is skew-symmetric with respect to the inner product ( , ) .
(ii) If U satisfies the condition (2.1) then G is invertible and the symmetric operator
Thus G : U → U is skew-symmetric.
(ii) If U satisfies the condition (2.1) then Ker(p U ) intersects the image of J| U trivially and G is injective and, hence invertible. For u ∈ U, u = 0 we have
and G 2 is negative definite.
Let U satisfy the condition (2.1) and let R : U → U be the positive square root of the positive definite symmetric operator −G 2 :
The operator G commutes with −G 2 and maps its eigenspaces to themselves. It follows that G commutes with R . We define the operator
that is, J U is a complex structure and an isometry on U , and it is compatible with the symplectic form ω .
(ii) Since R is symmetric, G is skew-symmetric and R and G commute, we have for u, v ∈ U
(iii) Furthermore, we have
since R is a positive definite symmetric operator on U .
Example 2.3. Let V = C 2 equiped with the standard inner product on C 2 identified with R 4 . Choose a real number r ∈ R . Let u 1 = (1, 0), u 2 (r) = (i, r) ∈ V and U r = span R {u 1 , u 2 (r)} . Thus n = dim R U r = 2. Identifying C 2 with
It follows that for every r ∈ R , the real subspace U r satisfies the condition (2.1):
that is, U r is a totally real subspace of V . Taking direct sums of pairs (V, U r ) one gets examples of subspaces U satisfying the condition (2.1) in every even dimension n. The skew-symmetric operator G : U r → U r is given by G(u 1 ) = 1 1+r 2 u 2 (r) and G(u 2 (r)) = −u 1 . Hence,
Id Ur , and the complex structure J Ur : U r → U r is given by J Ur (u 1 ) = 1 √ 1+r 2 u 2 (r) and J Ur (u 2 (r)) = − √ 1 + r 2 u 1 . Real subspaces U satisfying both properties (2.1) and (2.2) are typical of the geometric context in which the observations of the present Section will be applied.
Hodge theory on manifolds with boundary. Modified Hodge star operator on parabolic cohomolgy
The main aim of this Section is to define a modified Hodge star operator on the parabolic cohomology (a definition of parabolic cohomolgy is recalled below).
Let M be a smooth compact oriented Riemannian manifold of dimension n , with or without boundary. Let F be a smooth real vector bundle over M , of finite fiber dimension, equiped with a positive definite inner product B( , ) and a flat connection 
The Riemannian metric and the orientation on M and the inner product B on F give rise to an L 2 inner product ( , ) on Ω * (F ) satisfying
where * denotes the Hodge star operator. (The Hodge star operator * on Λ * T * M ⊗ F is defined as the tensor product of the usual Hodge star operator on Λ * T * M with the identity on F .) We have also the co-differential
which on closed manifolds is the L 2 -adjoint of the operator d A . From now on the operators d A and δ A will be denoted by d and δ respectively. For the Hodge Decomposition Theorem on manifolds with boundary we refer to [3] and [1] . The reference [1] contains also short remarks on the history of the subject. Below we mostly quote from [1] .
A form ω ∈ Ω p (F ) is called closed if it satisfies dω = 0 and co-closed if it satisfies δω = 0 . We denote by C p and cC p the spaces of closed respectively co-closed p-forms. We define F ) ) . Along the boundary ∂M every p-form ω ∈ Ω p (F ) can be decomposed into tangential and normal components (depending on the Riemannian metric on M ). For x ∈ ∂M , one has
where ω norm (x) belongs to the kernel of the restriction homomorphism
, while ω tan (x) belongs to the orthogonal complement of that kernel, 
and Ω p D to be the space of smooth p-forms from Ω p (F ) satisfying Dirichlet boundary conditions at every point of ∂M ,
Furthermore, we define cE
If the boundary ∂M = ∅ is empty then every form ω satisfies ω norm = ω tan = 0 , the space CcC
consists of all forms which are both closed and co-closed and this space is equal to the space of harmonic p-forms, that is, to the kernel of the Laplacian ∆ = δd + dδ acting on Ω p (F ) . If, on the other hand, the boundary ∂M = ∅ is non-empty and M is connected then the intersection CcC In the following the symbol ⊕ will denote an orthogonal direct sum.
Theorem 3.1. (Hodge Decomposition Theorem) Let M be a compact, connected, oriented, smooth Riemannian n-manifold, with or without boundary and let F be a smooth real vector bundle over M , of finite fiber dimension, equiped with an inner product and a flat connection A . Then the space Ω p (F ) of F -valued smooth p-forms decomposes into the orthogonal direct sum
Furthermore, we have the orthogonal direct sum decompositions
is naturally identified with the parabolic cohomology group H 1 par (S; g φ ) (see [2] , Section 3, Propositions 4.4 and 4.5 and pp.409-410 thereof).
In [2] the manifold M − Σ is equiped with a symplectic structure given by −1 times the wedge product of forms and the inner product on the bundle g φ , ( [2] , Section 3, pp.386-387 and Theorem 10.5). Hence, this symplectic structure is the negative of the one given by the form ω in our paper.
It follows now from Theorem 3.4 that a choice of a Riemannian metric on the surface S gives, via the modified Hodge star operator J par , a canonical almost complex structure on the moduli space M − Σ compatible with the symplectic form ω . To get an almost complex structure on M − Σ compatible with the symplectic form of [2] one has to take the operator −J par .
